Twin-peak quasi-periodic oscillations (QPOs) are observed in several low-mass X-ray binary systems containing neutron stars (NSs). Timing analysis of X-ray fluxes of more than dozen of such systems reveals remarkable correlations between the frequencies of two characteristic peaks present in the power density spectra. The individual correlations clearly differ, but they roughly follow a common individual pattern. High values of measured QPO frequencies and strong modulation of the X-ray flux both suggest that the observed correlations are connected to orbital motion in the innermost part of an accretion disc. Several attempts to model these correlations with simple geodesic orbital models or phenomenological relations have failed in the past. We find and explore a surprisingly simple analytic relation that reproduces individual correlations for a group of several sources through a single parameter. When an additional free parameter is considered within our relation, it well reproduces the data of a large group of 14 sources. The very existence and form of this simple relation supports the hypothesis of the orbital origin of QPOs and provides the key for further development of QPO models. We discuss a possible physical interpretation of our relation's parameters and their links to concrete QPO models.
INTRODUCTION
Black holes (BHs) and neutron stars (NSs) represent the accreting compact component in several tens of X-ray binaries. In low mass X-ray binary systems (LMXBs), the mass transfer from the companion onto the compact object occurs due to the Roche lobe's overflow. An accretion disc is formed enhancing these objects through high X-ray luminosity coming from its innermost parts. In NS systems, additional strong radiation arises from the disc-NS boundary layer (e.g., Lewin, van Paradijs & van den Heuvel 1997) .
The LMXBs exhibit a variability over a large range of frequencies. Their power density spectra (PDS) contain relatively coherent features known as quasi-periodic oscillations (van der Klis 2000; Belloni, Psaltis & van der Klis 2002; McClintock & Remillard 2006; van der Klis 2006 , and references therein). Apart from strong, the so-called low frequency (LF) QPOs observed in the range of 0.1 − 100 Hz, there are also the high frequency (HF) QPOs observed in the range of 40 − 1300 Hz. Commonly, for BH and NS sources, ⋆ E-mail: gabriel.torok@gmail.com HF QPOs attract large attention of theoreticians since their frequencies correspond to orbital timescales in the vicinity of the compact object. The strong indication that the corresponding signal originates in the innermost parts of the disc is also supported by the results of the Fourierresolved spectroscopy (Gilfanov et al. 2000) . In this context, a large variety of models of the observed fast variability has been proposed Lamb et al. 1985; Miller et al. 1998; Psaltis et al. 1999; Stella & Vietri 2001; Wagoner et al. 2001; Kluźniak&Abramowicz 2001; Kato 2001; Titarchuk & Wood 2002; Abramowicz et al. 2003b; Rezzolla et al. 2003; Kluźniak et al. 2004; Zhang 2004; Pétri 2005; Bursa 2005; Čadež et al. 2008; Mukhopadhyay 2009; Stuchlík et al. 2013 , and several others).
The NS LMXBs reveal characteristic pairs of HF QPOs, the so-called twin-peak QPOs. More than dozen of systems exhibit remarkable correlations between their 'upper' and 'lower' frequencies, νU and νL. In this Letter we focus on these frequencies. We remind the reader that other properties of each oscillation, such as the rms amplitude A and quality factor Q, strongly vary reaching values of up to Q ∼ 250 and A ∼ 20 that are much higher than those as-sociated to HF QPOs in BH systems. The variations of the quantities are correlated also with the two QPO frequencies (e.g., van Straaten et al. 2002; Barret et al. 2005a Barret et al. ,b, 2006 Méndez 2006; van der Klis 2006; Török 2009; Wang et al. 2014) .
BEHAVIOUR AND FITS OF THE FREQUENCY CORRELATIONS
The frequency correlations observed in the individual sources clearly differ, but they roughly follow a common individual pattern. This is illustrated in Figure 1a which displays twin-peak QPOs observed in 14 different sources. These include 8 atoll sources, 5 Z-sources, and a milisecond X-ray pulsar. Detailed X-ray timing studies of these objects that have been carried out over the last two decades reveal a large amount of information. A list of individual sources along with a dozen of related references is given in Table 1 . Apart from the datapoints, we include in Figure 1a a curve which indicates the trend predicted by the relativistic precession model of HF QPOs -hereafter RP model (see, e.g., Stella & Vietri 1999; Stella & Vietri 2001; Belloni et al. 2005; Török et al. 2016a) . Several attempts to model the individual observed correlations with simple geodesic orbital models or phenomenological relations have failed in the past (e.g., Lin et al. 2011; Török et al. 2012 Török et al. , 2016a , and references therein). In several particular cases, fits are reliable when two free parameters specific for each source are considered (e.g., Psaltis et al. 1998; Abramowicz et al. 2005b,a; Zhang 2006) , although there are still numerous clear deviations of data from the expected trend. For instance, fitting by straight lines typically provides reasonable match (but deviation from linear trend is apparent, e.g., in a large amount of data available for the atoll source 4U 1636-53 - Lin et al. 2011; Török et al. 2012) .
It has been noticed by Abramowicz et al. (2005b,a) that the slope a and intercept b of the linear fits obtained for several sources are roughly related as
In Figure 1b we illustrate the coefficients a and b obtained for each of the sources listed in Table 1 . Within the Figure we furthermore illustrate the coefficients obtained for the other two-parametric fitting relations. These are namely the quadratic relation, νU = aν 2 L + b, the square-root relation, νU = a √ ν L +b, and the power-law relation, νU = b(1νL) a . For each of these relations, including relation (1), the units of coefficients are chosen such that a is dimensionless while b is given in the units of Hz. Inspecting Figure 1b one can speculate that the frequency correlations within a large group of sources can be described by the means of a single parameter.
A SIMPLE FORMULA REPRODUCING THE INDIVIDUAL CORRELATIONS
In the series of works (Török et al. 2010 (Török et al. , 2012 (Török et al. , 2016a ) the effective degeneracy between various parameters of several orbital QPO models has been discussed. Within this degeneracy, each combination of NS mass M , angular momentum j and quadrupole moment q corresponds to a certain value of a single generalized parameter M, e.g., non-rotating NS mass. It follows that, when these parameters dominate and only non-geodesic effects that do not much vary across different systems are assumed within a given QPO model, one may expect that the correlations can be described by a one-parametric relation,
where the common internal parameter r does not appear in the function νU (νL). This expectation is in good agreement with the possible degeneracy of the two-parametric frequency relations mentioned in Section 2.
Frequency scaling
Motivated by the above mentioned findings we attempt to model the observed correlations with the following relation,
where ν0 represents the highest possible QPO frequency, ν0 ≥ νU ≥ νL. In the specific case when it is assumed that ν0 equals the Keplerian orbital frequency at the innermost stable circular orbit around a nonrotating NS with gravitational mass M , it can be expressed in the units of Hz as (e.g., Kluzniak & Wagoner 1985; Kluzniak, Michelson & Wagoner 1990 )
Consequently, relation (3) can be written in the form
Considering B = 1, relation (5) coincides with the frequency relation implied by the RP model. Moreover, for any constant value of B, relation (5) implies 1/M scaling of the QPO frequencies. This means that the [νL, νU ] frequency pairs calculated for a certain value of M = M1 can be recalculated for another value, M = M2, using a simple multiplication,
In Figure 1c we illustrate the shape of νU (νL) curves given by relation (5) and compare them to the predictions of two previously proposed models of QPOs. We assume in this Section for relation (5) to have either one-parametric or twoparametric form, and in both cases we make a comparison with the data of the individual sources. We then provide a more detailed discussion on the motivation for our choice of the form of relation (5) in Section 4.
3.2 The one-parametric relation (pure 1/M scaling)
Taking into account expectation (2), we attempt to reproduce the data of the 14 sources listed in Table 1 overflowing inner accretion tori. See Figure 1c for illustration and Section 4 for a more detailed discussion on this matter.
The results obtained for the whole set of sources are presented in Table 1 and illustrated in Figure 2a . Remarkably, for the sources 1-9 good agreement is obtained. For each of these sources, there is 0.5 < χ 2 /d.o.f. 2. These sources span (approximately) the range of νL ∈ (200, 900)Hz and include the atoll source 4U 1915-05 which itself covers a large range of frequencies, νL ∈ (200, 800)Hz. We can also see from Figure 2a that the trend observed in each of the sources 10-12 is still matched.
The two sources, GX 5-1 and GX 340+0, reveal clear deviations of data from the expected trend (see the last subpanel of Figure 2a ). In Table 1 we include relevant χ 2 values along with the values of M parameter obtained for each of the considered 14 sources. The obtained M parameter values range from M = 0.7 to M = 2.6 while in most cases there is M ∈ (1.6, 1.9).
The consideration of the B parameter as a free parameter
As a second step, using relation (5) we attempt to reproduce the data assuming two free parameters (M and B). The results are again presented in Table 1 and illustrated in Figure 2a .
Clearly, for each of the 14 sources including GX 5-1 and GX 340+0 (No. 13 and 14), the observed trend is well matched (although there is some scatter of datapoints around the expected curves). In Table 1 
PHYSICAL INTERPRETATION
We begin this Section by briefly recalling the RP model which is most often discussed in relation to the possibility of hot-spots arising in the innermost accretion region. This model relates the frequencies of the two observed QPOs to the Keplerian frequency νU = νK and the relativistic precession frequency νL = νP of a slightly perturbed circular geodesic motion that occurs at an arbitrary orbital radius r. The precession frequency νP equals to a difference between the Keplerian and the radial epicyclic frequency, νP = νK − νr. Török et al. (2012) have suggested a toy non-geodesic modification of the RP model. In their paper it is assumed that νr decreases due to non-geodesic effects by a constant B * factor. The expected lower QPO frequency is then given as
where ν * L and ν * U denote the frequencies implied by the nonmodified RP model. The authors attempt to model the correlation of QPO frequencies observed in the atoll source 4U 1636-53 and find that there is good agreement between the model and the data for the NS mass M = 1.7M⊙ and B * = 0.2. Assuming relation (7), formulae for the orbital frequencies around non-rotating NS, and B * = 1 − B, we obtain relation (5).
Global modes of fluid motion
Oscillations of tori have been studied in the context of QPOs in a large number of works over the past decade (see, e.g., Rezzolla et al. 2003; Abramowicz et al. 2006; Srámková et al. 2007; Ingram & Done 2010; Fragile et al. 2016; Mishra et al. 2017; Parthasarathy et al. 2017; de Avellar et al. 2017) . The recent work of Török et al. (2016b) explores the model of an oscillating torus (in next CT model). In this model the torus is assumed to fill up the critical equipotential volume forming a cusp. It is suggested Table 1. by the model that the twin-peak QPOs are assigned to global modes of cusp-torus fluid motion that may give rise to strong modulation of both the accretion disc radiation and the accretion rate.
1 The observed frequency variations are given by the changes of the location r of the torus centre radii very close to the innermost stable circular orbit. In the paper of Török et al. (2016b) the model predictions are compared to the data of the atoll source 4U 1636-53 obtaining a good match.
For a fixed j and given torus location, the frequencies predicted by the model depend solely on the NS mass. Although the related exact dependence νU (νL) has to be evaluated numerically, we find it can be well approximated by relation (5) for B ≈ 0.8. The one-parametric form of relation (5) investigated in Section 2 therefore represents the prediction of the CT model (see Figure 1c) .
In Figure 2b we directly compare the predictions of the CT model with the data of the individual sources. For sources No. 1-3, 5-7, 10-12, the CT model allows fits comparable to those obtained for relation (5) and B = 0.8. In Table 1 we present relevant χ 2 values along with the required values of NS mass. In the case of sources No. 4, 8, 9, 13 and 14 (4U 1915-05 , Circinus X-1, XTE J1807.4-294, GX 5-1 and GX 340+0) the correlation however cannot be modeled since the observed frequencies νL extend below the range of applicability of the approximation of the torus model discussed by Török et al. (2016b) (see the shaded areas in Figure 2b ).
CONCLUSIONS
The simple formula (5) well fits the frequencies of twin-peak QPOs within a large group of 14 sources. This match might be of high importance for the twin-peak QPO model identification. The frequency scaling (6), ν ∝ M −1 , further sup-
1 The resulting total observed flux is given by the composition of the emissivity of the boundary layer (radial mode) and the disc (radial and Keplerian mode). Detailed modeling of contributions of particular modulation mechanisms can be important in relation to the recent findings of Ribeiro et al. (2017) (see also Méndez 2006; Gilfanov et al. 2003) . In this context we note that the considered oscillatory modes can in principle cause also oscillation of the accretion disc corona.
ports the hypothesis of the orbital origin of NS HF QPOs since the frequencies of orbital motion scale with the NS mass M as ν ∝ M −1 . It is of a particular interest that already the one-parametric form of our relation assuming B = 0.8 describes several of these sources. We suggest that this finding represents the NS analogy of the 1/M scaling of the 3:2 BH HF QPO frequencies McClintock & Remillard 2006; Zhou et al. 2015) .
A detailed physical explanation of the origin of relation (5) is not yet clear. The recently suggested CT model reproduces the data of 9 sources. For other 5 sources, however, the data cannot be firmly reproduced within the approximation developed so far. The results obtained for relation (5) and the B free parameter can help improve the model. Larger deviations from the case of B = 0.8 can have a direct physical interpretation. The cause of these deviations may be due to a torus thickness different from the cusp value, or, more likely, by further non-geodesic effects acting on the torus formation, such as NS magnetic field.
The above hypothesis agrees with a more general interpretation of relation (5) in which the M parameter represents the main parameter reflecting the spacetime geometry given by the NS mass and spin, while the B parameter reflects the additional stable factors. In this context we note that we have not been able to reproduce the data for any significant group of sources assuming B as a free and M as a fixed parameter. Table 1 . List of sources, references and parameters obtained through data matching. Goodness of fits is formally characterized by χ 2 values (we use the same procedure as Török et al. 2012 , displayed errors correspond to standard errors). The individual columns displaying χ 2 values correspond to relation (5) in its one-and two-parametric form, RP model and CT model. For these two models we assume a non-rotating NS (as discussed in Török et al. 2016a , the spin consideration almost does not improve the fits). References: (1)- (3), (10) a A -atoll, Z -Z, P -pulsar. b The observed frequencies extend below the expected range of physical applicability of CT model discussed by Török et al. (2016b) .
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